Abstract. We consider examples of the H-type groups with the natural horizontal distribution generated by the commutation relations of the group. In the contrast with the previous studies we furnish the horizontal distribution with the Lorentzian metric, which is nondegenerate metric of index 1 instead of a positive definite quadratic form. The causal character is defined. We study the reachable set by timelike future directed curves. The parametric equations of geodesics are obtained.
Introduction
Sub-Riemannian manifolds and the geometry introduced by bracket generating distributions of smoothly varying k-plains is widely studied, interesting subject, which has applications in control theory, quantum physics, C-R geometry, and other areas. The main difference of the sub-Riemannian manifold from a Riemannian one is the presence of a smooth subbundle of the tangent bundle, generating the entire tangent bundle by means of the commutators of vector fields. The subbundle, which is often called horizontal, is equipped with a positively definite metric that leads to the triple: manifold, horizontal subbundle, and Riemannian metric on the horizontal subbundle, which is called a sub-Riemannian manifold. The foundation of the subRiemannian geometry can be found in [17, 18, 19, 20] . The following question can be asked. What kind of geometrical features will have the mentioned triplet if we change the positively definite metric to an indefinite nondegenerate metric. It is natural to start with the Lorentzian metric of index 1. In this case the triplet: manifold, horizontal subbundle, and Lorentzian metric on the horizontal subbundle can be called sub-Lorentzian manifold. It was mentioned in [20] that it would be interesting to consider the sub-Lorentzian geometry, but, as it is known to the authors, there are only few works devoted to this subject [7, 11, 12] . In the present paper we study two examples of H-type groups furnished with the Lorentzian metric. The notion of H-type group was introduced in [14] , see also a nice classification in [9] . The simplest example of a nonabelian H-type group equipped with the Lorentzian metric is the Heisenberg group with the Lorentzian metric and it has been considered in [11, 12] . Our example is an extension of the Heisenberg group having 3-dimensional center related with the quaternion division algebra. The so-called quaternion H-type group with the positive definite metric was studied in [4, 5, 6] . We study the Heisenberg group and the quaternion H-type group endowed with the Lorentzian metric defining a causal character of the manifold under consideration. We give a description of the reachable set by timelike future directed curves. We find the parametric equations for geodesics on the Heisenberg and quaternion H-groups with the Lorentzian metric. Unlikely to the sub-Riemannian Heisenberg group, we get the uniqueness of geodesics starting from the origin. Notice that by a geodesic we mean a projection of a solution of the corresponding Hamiltonian system onto the underlying manifold.
Basic definitions and notations
H-type homogeneous groups are simply connected 2-step Lie groups G whose algebras G are graded and carry an inner product such that (i) G is the orthogonal direct sum of the generating subspace V 1 and the center V 2 :
satisfy the equation J 2 Z = −|Z| 2 I, Z ∈ V 2 . Here ·, · is an inner product on G, [·, ·] is a commutator and I is the identity. We will consider the quaternion H-type group H with V 1 associated with the space of quaternions and V 2 as a three-dimensional center. Remind that quaternion numbers are a noncommutative extension of complex numbers. A quaternion can be represented in a matrix way by q = aU + bI 1 + cI 2 + dI 3 , where 
is the basis of quaternion numbers given by real matrices. As a vector space Q over the real numbers, the quaternions have dimension 4, whereas the complex numbers have dimension 2.
H is a set R 4 × R 3 with the multiplication law defined in the following way
for q = (x, z) and q ′ = (x ′ , z ′ ), where x, x ′ ∈ R 4 and (I 1 x, x ′ ), (I 2 x, x ′ ), (I 3 x, x ′ ) are the usual inner products of the vectors I 1 x, I 2 x, I 3 x belonging to R 4 by x ′ ∈ R 4 . The unit element e of the group H is e = (0, 0) and the inverse element to (x, z) is (−x, −z). The multiplication "•" defines the left translation L q of q ′ by the element q = (x, z) ∈ H on the group H. The topological dimension of the group H is 7, the Hausdorff dimension is 10. The matrices I 1 , I 2 and I 3 define the homomorphisms J Z . G is a Lie algebra of the group H which can be associated with the set of all left invariant vector fields of the tangent space T H e at the unity e. T h H ⊂ T H is a subbundle of the tangent bundle spanned by the left invariant vector fields X α (x, z) with X α (0, 0) = 
We call T h H the horizontal bundle and any vector field V ∈ T h H is called the horizontal vector field. The left invariant vector fields Z β = ∂ ∂z β , β = 1, 2, 3 form a basis of the complement to T h H. The commutation relations are given by
We see that X α , α = 1, . . . , 4, and their commutators Z β , β = 1, 2, 3, span the entire tangent bundle T H. Therefore, the horizontal bundle T h H is bracket generating of step 2, see the definition of bracket generating subbundle in [8, 13] .
A basis of one-forms dual to X 1 , . . . , X 4 , Z 1 , Z 2 , Z 3 is given by dx 1 , . . . , dx 4 , υ 1 , υ 2 , υ 3 with
We use the normal coordinates (x, z) = (x 1 , . . . , x 4 , z 1 , z 2 , z 3 ) for the elements
An absolutely continuous curve c(s) : [0, 1] → H is called the horizontal curve if its tangent vectorċ(s) belongs to V 1 at each point c(s). Any two points in H can be connected by piecewise smooth horizontal curve because of bracket generating property of T h H. Unless otherwise stated all vectors and curves are supposed to be horizontal.
The geometry of H-type groups was studied, for instance, in [1, 2, 3, 4, 6, 9, 15, 16] . In all these cases the horizontal bundle T h H was endowed with a positively definite metric. We will consider the same type of the horizontal bundle but equipped with the Lorentzian metric. We call such a manifold sub-Lorentzian, analogously to the sub-Riemannian case, and we formulate it in the following definition. Definition 1. Let M be a smooth n-dimensional manifold, let T h M be a smooth k-dimensional, k < n, bracket generating subbundle on T M , and letQ T h M (·, ·) be a smooth Lorentzian metric on T h M . Then the triple (M, T h M, Q T h M (·, ·)) is called the sub-Lorentzian manifold.
We will call Q T h M (·, ·) the sub-Lorentzian metric and skipping the subscript, we write Q(·, ·). We define a smooth Lorentzian metric on T h H by
Given a sub-Lorentzian metric Q x at x ∈ H, we can define a linear mapping g x : T * H x → T H x as follows: for ξ ∈ T * H x , the linear mapping Y → ξ(Y ) for Y ∈ T h H x is represented uniquely by the identity
The properties of Q x implies that g x varies smoothly in x, is symmetric, and nondegenerate. If Q is of index 1, then index of g is also 1.
Conversely, given a symmetric nondegenerate linear operator g x : T * H x → T H x with the image T h H x , there is a unique nondegenerate quadratic form Q x satisfying (2.2).
Example. Let us consider the sub-Lorentzian metric Q x and co-metric g x on the quaternion H-type group:
The latter matrix is symmetric, thus, it can be diagonalised to 
Therefore, the index of the co-metric g αβ is 1 similarly to the index of the initial quadratic form Q. Let us define the causal character of H. Fix a point p ∈ H. Denote by Ω p the set of all horizontal curves c(s
0. A horizontal curve is called timelike if its tangent is timelike; similarly for spacelike, null and nonspacelike curves.
By the time-orientation of a sub-Lorentzian manifold (H, T h H, Q) we mean a continuous horizontal timelike vector field on H. The time orientation of (H, T h H, Q) is given by the vector X 1 according to (2.1). Then a nonspacelike v ∈ T h H p is called future directed if Q(v, X 1 (p)) < 0, and it is called past directed if Q(v, X 1 (p)) > 0. Throughout this paper f.d. stands for "future directed", t. for "timelike", and nspc. for "nonspacelike".
For an open set U and fixed p ∈ U , we define two reachable sets: I + (p, U ) (resp. J + (p, U )) is the set of all points q ∈ U that can be reached from p along a t.f.d. (resp. nspc.f.d.) curve contained in U . In the Lorentzian geometry I + (p, U ) is called the chronological future of p (with respect to U ); similarly, J + (p, U ) is called the causal future of p (with respect to U ).
We define a length of a nspc. curve c : [α, β] → H in the following way
Let ϕ : U → R be a smooth function on an open set U in H. The horizontal gradient ∇ h ϕ of ϕ is a smooth horizontal vector field on U such that for each p ∈ U and v ∈ T h H p we have
Locally it can be written in the following way
where X 1 , . . . , X 4 is an orthonormal frame of T h H defined on U with X 1 timelike.
The following proposition can be found in [11] .
, where cl stands for the closure with respect to U .
Reachable sets for Quaternion H-Type Groups
In this section we describe the reachable set for quaternion H-type group. We start from the case p = 0 and I + (0) = I + (0, H). Thereto let us consider the family of functions
that represents the homogeneous norm on H. We want to describe the reachable set in terms of values of the function η α . We present the calculations for the positive values of z 1 , z 2 , z 3 , other cases considered analogously. The horizontal gradient of η α is
Consider η 0 and the set
Theorem 1. Let I + (0) denote the reachable set for H and Γ 0 be as in (3.1). Then
where we set
Hence the function x 1 (c(t)) increases from x 1 (0) = 0 along c(t), and therefore,
The nonspacelikeness of c implies that
0.
We need to show that
, taking into account that x 1 (0) = x 2 (0) = x 3 (0) = x 4 (0) = 0. It will be shown if we prove the inequality
, since in this casė
. Consider the case x 2 ·ẋ 2 + x 3 ·ẋ 3 + x 4 ·ẋ 4 0, because otherwise the inequality (3.3) is obvious. Squaring both parts of (3.3) and simplifying, we get that (3.3) holds if and only if
2) is proved. Now we look at the behaviour of any nspc.f.d. curve which projects onto the set
Due to the chain of inequalitieṡ
such curves must be null curves. In addition, since ∇ h η 0 is nspc.f.d. on Γ 0 , we see that for
and the function t −→ η 0 (c(t)) is decreasing a. e. It follows that I + (0) ⊂ Γ 0 .
Corollary 1. Following the notations of the previous theorem we have
Proof. Consider the straight lines
are constants. Any of these straight lines is a t.f.d. curve. They fill up the interior of Γ 0 ∩ {z 1 = 0, z 2 = 0, z 3 = 0}. So, we conclude that
The inverse inclusion follows from Theorem 1.
Let us calculate sets, where ∇ h η α is nspc.f.d. We have
where we used the notation
(1, −1, −1) and " × " is the vector product in R 3 and | · | is the length of the vector with respect to the inner product in R 3 . We
in Γ 0 . Indeed, if we write the condition of future directness as
then it holds if and only if
The latter two conditions satisfy in Γ 0 for |α| < 4 √ 3 . We introduce the notations Γ α = {η α < 0, x 1 > 0} and
Remark 1. The set A α has the following geometric sense. Let
We notice that both of the quadratic forms appeared in the co-metric g αβ .
Theorem 2. We have
Since the vector ∇ h η α is timelike and f.d. in the same set we conclude that the derivative
is negative and the function η α (c(t)) decrease along c(t), that yields η α (p) < 0 jointly with
The complete description of the reachable set I + (0) is complicated, therefore we study its subsets.
Proposition 2. Let B be one of the following sets {x 3 = x 4 = 0}, {x 2 = x 3 = 0}, {x 2 = x 4 = 0}. Then
Proof. If x 3 = x 4 = 0, then for any horizontal curve the horizontality conditionṡ
we conclude that this case is reduced to the Heisenberg sub-Lorentzian manifold and we can apply results of [11] . Other cases are obtained analogously.
Hamiltonian and geodesics in Heisenberg group with Lorentzian metric
In this section we study geodesics on the one dimensional Heisenberg group equipped with the Lorentzian metric. We remind that the Heisenberg group H 1 is the space R 3 furnished with the non-commutative law of multiplication
The two dimensional horizontal bundle T h H 1 is given as a span of left invariant vector fields
We suppose that the Lorentzian metric Q is defined on T h H 1 by
The time orientation is given by the horizontal vector field X. Thus the triple (R 3 , T h H 1 , Q) is called the Heisenberg group with the Lorentzian metric, and to differ it from the classical case we use the notation H 1 L . The reachable set for the Heisenberg group with the Lorentzian metric was studied in [11, 12] .
To study geodesics we apply the Hamiltonian method. The Hamiltonian is defined as a symbol of the corresponding wave equation formed by the left invariant horizontal vector fields. The definition of geodesics in sub-Riemannian geometry differs from the definition of geodesics in the Riemannian geometry. Geodesics in the sub-Riemannian geometry (and we shall use the same definition) are projections of solutions of the corresponding Hamiltonian system onto the underlying manifold. The interesting feature of the sub-Riemannian geometry that even locally there is no uniqueness of geodesics. The study of number of geodesics on Heisenberg group with positively definite metric can be found, for instance, in [2, 10] . We apply the method of Hamiltonian mechanics in order to calculate geodesics of different causal characters and to study the uniqueness problem.
The governed operator is an analogue of the sub-Laplacian which has the form
Then the associated Hamiltonian function H(ξ, η, θ, x, y, z) becomes
where we use the notations ξ = 
The initial data is x(0) = y(0) = z(0) = 0, ξ(0) = ξ 0 , η(0) = η 0 , θ(0) = θ. We are interested in finding the projection of the solution of (4.1) onto the (x, y, z)-space. We reduce the system (4.1) to the system containing only (x, y, z) coordinates withthe initial data zero. If we express ξ and η from the first two equations and substitute them in the expressions forξ anḋ η, we obtainξ = It follows that (4.2) ẋ(t) =ẋ 0 cosh(|θ|t) −ẏ 0 sinh(|θ|t), y(t) = −ẋ 0 sinh(|θ|t) +ẏ 0 cosh(|θ|t).
Finally, we obtain
Lemma 1. If a geodesic is timelike future directed (past directed) at t = 0, then it remains timelike and future directed (past directed) for all t ∈ [0, ±∞].
Proof. Since geodesics satisfy the Hamiltonian system (4.1), the speed is preserved along geodesics and this implies that the causality character does not change. This also follows from (4.2) because −ẋ 2 (t) +ẏ 2 (t) = −ẋ 2 0 +ẏ 2 0 . We remind that a geodesic is future directed ifẋ(t) > 0. Let us show that if we start fromẋ 0 > 0 and −ẋ 0 <ẏ 0 <ẋ 0 , then the geodesic remains future directed for all t ∈ (0, ±∞). If 0 <ẏ 0 <ẋ 0 , then we conclude thaṫ x =ẋ 0 cosh(|θ|t) −ẏ 0 sinh(|θ|t) > 0 for t > 0 because of the inequality sinh(|θ|t) < cosh(|θ|t). If −ẋ 0 <ẏ 0 < 0 then we take t ∈ (0, −∞) and get future directed geodesics because of − sinh(|θ|t) < cosh(|θ|t). We conclude that forẋ 0 > 0, and |ẏ 0 | <ẋ 0 we obtain future directed geodesics for t ∈ (0, ±∞).
Using the condition of horizontality, we geṫ
Notice that the derivativeż is positive for timelike geodesics, for lightlike curves we haveż = 0, and spacelike geodesics satisfyż < 0 for any values of t. Integrating, we get
The value of z-coordinate for timelike future directed geodesics starting from the origin is positive for positive value of t and negative for negative value of t, lightlike curves has vanishing z-coordinate and spacelike curves admits the negative values for t > 0 and positive for t < 0.
Further, introducing the notation h 2 = −x 2 + y 2 we get (4.5)
If a geodesic is timelike, then its projection onto (x, y)-plane lies inside the domain −x 2 +y 2 < 0. Lightlike geodesics are projected into the set −x 2 +y 2 = 0 and spacelike geodesics are projected into the domain −x 2 + y 2 > 0, see Figure 1 .
Lemma 2. Let γ(t) = x(t), y(t), z(t) be a geodesic. Then
is spacelike. Proof. We use the notation h(t) 2 = −x 2 (t) + y 2 (t). If z > 0, then the value
is negative for timelike curves and positive for spacelike curves, because −1 + |θ|t + e −|θ|t > 0 for all t = 0. The value of h 2 + 4z vanishes for lightlike curves. If z < 0, then the expression
is still negative for timelike curves and is positive for spacelike geodesics, because −1 − |θ|t + e |θ|t > 0 for all t = 0. The value h 2 − 4z vanishes for lightlike curves.
Lemma 3. The equation
has a unique solution τ for given (x, y, z) if −1 < We would like to draw the reader's attention to the function µ. It is intriguing analogue of the function used by Gaveau [10] to study geodesics and geometry in general on the classical Heisenberg group. The classical counterpart µ of the function µ has the form µ(τ ) = τ sin 2 τ − cot τ , and the classical Heisenberg analogue of the equation (4.6), 4|z|
has more then 1 solution.
We state the following theorems describing the reachable set by geodesics starting from the origin.
Theorem 3. Let A = (x, y, z) be a point such that x > 0 (x < 0),−x 2 + y 2 < 0,
Then there is a unique timelike future directed (past directed) geodesic, joining O = (0, 0, 0) with the point A. Let θ be a solution of the equation
Then the equations of timelike future directed geodesic γ :
The square of the length of these geodesics is To obtain (4.8) we do essentially the same. Set t = 1 in the expressions for x(t) and y(t) to findẋ 0 ,ẏ 0 . We getẋ
Substituting these expressions in (4.3), we get (4.8).
Let us calculate the length of timelike geodesics. Expressing v 0 2 from (4.5), we get
.
Then the length of geodesics is
We calculate, making use of equation (4.7) | h(1)
Substituting the expression for the length, we get
In the Figure 3 we present the domain reachable from the origin by timelike geodesics. 8) and (4.9) The square of the length of these geodesics is
Remark 2. Notice that (4.4) and (4.5) imply that the horizontal lightlike geodesics starting from the origin satisfy the equations x(t) = ±y(t), z(t) = 0.
Remark 3. The result of Theorem 3 gives the description of the set reachable from the origin by timelike geodesics. Grochowski [11] proved that the region 4|z| x 2 −y 2 < 1, x > 0 is reachable by horizontal timelike future directed curves. Theorem 3 states that this set is reachable by geodesics of the same causal character.
Hamiltonian and geodesics for H with the Lorentzian metric
In the present section we find the parametric equations of geodesics for quaternion H-type groups furnished with the Lorentzian metric. The horizontal wave operator is
Then the associated Hamiltonian function H(ξ, θ, x, z) has the following form
The corresponding Hamiltonian system iṡ
We observe that θ 1 , θ 2 , θ 3 are constants. Let us remind that the projection of a solution of the Hamiltonian system onto (x, z)-space is called geodesic. In order to find it we will reduce the Hamiltonian system to the system containing only (x 1 , x 2 , x 3 , x 4 , z 1 , z 2 , z 3 ) coordinates. If we express ξ 1 , . . . , ξ 4 from the first 4 equations and substitute them in the equations of the Hamiltonian system, then we obtaiṅ
Differentiating first 4 equations and substitutingξ 1 , . . . ,ξ 4 there, we geẗ
We are looking for the solution x 1 = x 1 (t), . . . , x 4 = x 4 (t), t ∈ [−∞, +∞], satisfying x 1 (0) = 0, . . . , x 4 (0) = 0 andẋ 1 (0) =ẋ 0 1 , . . . ,ẋ 4 (0) =ẋ 0 4 . The eigenvalues of the matrix
are λ 1 = a, λ 2 = −a, λ 3 = ia, and λ 4 = −ia, where a = θ 2 1 + θ 2 2 + θ 2 3 . The associated eigenvectors are
The solution of the system (5.2) is of the forṁ
where
Therefore,
where the coefficients A i , B i , C j , D j , E i for i = 1, 2, 3, 4, j = 1, 2, 3 are given in terms of c i , θ j and are presented in Appendix.
We find from the horizontality condition (3.5) 2 . The auxiliary calculations can be found in Appendix. We believe that the quantity of geodesics in case of quaternion group equipped with the Lorentzian metric depends on the ratio
4 ) 2 like in the case of the Heisenberg group. The study of this question we postpone for a forthcoming paper.
Appendix
The coefficients for the solutions (5.3).
a ,
The coefficients α k n and β k m in (5) are related in the following way.
,
The list of α k n is presented. 
